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The need for studying composite materials is growing at a rapid
rate, whether by theoretical research (Bruggeman, 1935; Eshelby,
1957; Faraday, 1839; Poisson, 1826; Rayleigh, 1892), laboratory
development or product application (Davalos et al., 2001; Lan
et al., 2009; Lestari and Qiao, 2005). Fiber reinforced materials
are widely used because they have shown an improvement on both
the stiffness and strength properties (Bakis et al., 2002; Chen et al.,
2007; Christensen, 1991; Lan et al., 2009; Pendhari et al., 2008).
Mathematical modeling, analysis, and simulation are set to play
crucial roles in ﬁnding effective properties of composites. Periodic
media have been studied analytically by using Fourier series meth-
od (Chen and Schuh, 2009; Luciano and Barbero, 1994) and numer-
ically using the so-called method of cells (Paley and Aboudi, 1992)
and the ﬁnite element method (Kar-Gupta and Venkatesh, 2005).
The load diffusion in a ﬁbrous anisotropic composites have been
analyzed using a 2D model based on asymptotic methods (Andria-
nov et al., 2008). Periodic media has also been studied using the
asymptotic homogenization method (AHM), based on a two-scalell rights reserved.
: +52 5555500047.
E. López-López), fjs@mym.ii-
uinovart-Díaz), jbravo@mat-
cu (R. Rodríguez-Ramos).
Ingeniería y Tecnología de la
S/N, Apizaco, 90300 Tlaxcala,asymptotic expansion method (Bensoussan et al., 1978; Cioranescu
and Donato, 1999; Jikov et al., 1994; Sanchez-Palencia, 1980), to
obtain closed-form expressions for the effective coefﬁcients (Gui-
novart-Díaz et al., 2001; Rodríguez-Ramos et al., 2001; Sabina
and Garza-Hume, 2002), or numerical solutions upon solving the
so-called cell problems (see, for instance, references in Guinov-
art-Díaz et al., 2001). The AHM has been applied to a wide range
of ﬁelds as varied as thermoelasticity, plasticity, magnetoelasticity,
bone mechanics, thermopiezoelectricity, ﬂow in porous media, vis-
coelasticity, solid–ﬂuid mixtures, beam theory problems, super-
conducting and superﬂuid composites and so on (see references
in Rodríguez-Ramos et al., 2001).
Research on elastic anisotropic materials has been developed
actively for the last forty years. Several approaches have been used.
For instance, transversely isotropic constituents of a 1–3 composite
with square-shaped inclusions is studied in Andrianov et al.
(2002). Some previous works on anisotropic elasticity are listed
in Ting (2000).
In the absence of exact or numerical solutions a frequently used
alternative techniques are the bounding methods, which provide
rigorous bounds as obtained by Hashin (1965), Hill (1964), Wal-
pole (1969) and Willis (1977).
As far as authors know, there are fewpreviousworksonmodeling
different axis of transverse symmetry orientation of constituents.
Kar-Gupta and Venkatesh (2005) studied the electro-mechanical
behavior, numerically, of a 1–3 composite by changing the polariza-
tiondirection ofmatrix. Sakthivel andArockiarajan (2011) proposed
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piezoelectric composite. A number of methods have been applied
to composites with different relative orientation of the material
symmetry axis of each component (Kar-Gupta and Venkatesh,
2006, 2007; Nan and Weng, 2000; Nan et al., 2000; Sakthivel and
Arockiarajan, 2011). The antiparallel case analyzed in Kar-Gupta
and Venkatesh (2006) can be considered as a particular case of the
formulae developed in Sabina et al. (2001) and in Bravo-Castillero
et al. (2001). In those papers, closed-form expressions for effective
coefﬁcients of a piezoelectric ﬁber-reinforced composite are found
using the AHM to replace the rapidly oscillating coefﬁcients of the
governing differential equation, with constant effective coefﬁcients
that depend on the solution of the so-called local problems.
This paper is concerned on an application of the AHM to deter-
mine the effective behavior of an elastic ﬁber-reinforced composite
distributed in a square-periodic arrangement in a antiplane-strain
deformation state. Four types of variation on the material symme-
try axis are considered, each one when it is orthogonal to the ﬁber
direction.
In Section 2, the problem is established as well as relevant def-
initions and notation, ﬁnally, some outstanding equations for AHM
are presented. The manner in which the local problems are solved
is presented in section three, aside from formulae for effective
coefﬁcients for each considered case. Numerical calculations and
comparison of obtained formulae can be found in Section 4. Inter-
vals of conﬁdence are found empirically and explicitly written in
this section too. Finally, some concluding remarks are expressed
in Section 5.2. Statement of the problem
A binary linear elastic composite in an antiplane-strain defor-
mation state, occupying a region X in a 3D Euclidian space, is con-
sidered here. The composite consist of a square arrangement of
long continuous circular cylinders, the ﬁber phase, with homoge-
neous elastic properties given by the elastic stiffness tensor Cð2Þijkl,
embedded in a homogeneous medium, whose elastic properties
are denoted by Cð1Þijkl. Fibers direction deﬁnes the Ox3-axis of a
right-handed cartesian reference frame. Both stiffness tensors are
considered to be transversely isotropic. In what follows, super-
scripts (for functions) and subscripts (for constants) between
parenthesis are associated with a constituent, 1 for matrix and 2
for ﬁber.Fig. 1. Four possible relative ATI considered: (i) P3. Both ATI are parallel to Ox3-axis,
(ii) O2. Both ATI are orthogonal to Ox2-axis, (iii) P1. Both ATI are parallel to Ox1-axis,
(iv) O3. Both ATI are orthogonal to each other and with the ﬁber direction. With a
suitable redeﬁnition of parameter a2 (see (11)), O3 becomes a particular case of P1.Within this paper, we study four possible orientations of the
axis of transverse isotropy (ATI) of each component (see Fig. 1):
(i) P3. The ATI of each component coincide with the Ox3-axis; (ii)
O2. The ATI of matrix is parallel to the Ox1-axis and the ATI of ﬁber,
to the Ox3-axis; (iii) P1. Matrix and ﬁber ATI are parallel to the Ox1-
axis; (iv) O3. Matrix and ﬁber ATI are orthogonal to each other and
to the ﬁbers direction.
As mentioned before, the ﬁbers are considered to be aligned in
the Ox3-direction and periodically distributed with period l. A unit
periodic square cell S is chosen, as shown in Fig. 2, in the local coor-
dinates y ¼ x=, where  ¼ l=L  1 is a dimensionless parameter
and L is a linear dimension of the body. The cell consists of a single
circular ﬁber S2, which occupies a circle of radius R centered at the
origin on the plane ðy1; y2Þ, and the matrix S1 that surrounds S2.
The interface between both constituents is denoted by C. Volume
fraction of matrix and ﬁber, in the unit periodic cell, are denoted by
V1 and V2, respectively. In addition, they are such that
V1 þ V2 ¼ 1; S1 [ S2 ¼ S; S1 \ S2 ¼ ;. The material moduli are
piecewise-constant functions in S.
Using the multi-pole expansion based method, AHM, effective
properties of the composite are found. A similar geometry, raised
in the context of transport problems, is investigated in previous
works by Nicorovici and McPhedran (1996) and Yardley et al.
(1999), they generalized Rayleigh method to derive a formulation
yielding the effective dielectric tensor of a periodic composite con-
sisting of an array of elliptical cylinders placed in a matrix of unit
dielectric constant. However, they do not consider the ATI orienta-
tion problem.
The governing equations for this kind of phenomena are Na-
vier’s equations of linear elasticity for the mechanical displace-
ment U ¼ ðU1;U2;U3Þ. However, in a two-dimensional problem,
like the one considered here, it is well-known that the equations
of elasticity for two isotropic solids uncouple into two independent
systems, under suitable boundary conditions. Namely, the plane-
and antiplane-strain deformation states. The in-plane displace-
ments components, U1ðx1; x2Þ and U2ðx1; x2Þ, only appear in the for-
mer state. In the latter one the remaining out-of-planeFig. 2. Schematic view of a periodic ﬁber-reinforced composite, the coordinate
system y1y2 and the periodic unit cell, which comprises a single ﬁber S2 and the
matrix S1 that surrounds it. They are such that S ¼ S1 [ S2; C ¼ @S2 and S1 \ S2 ¼ ;.
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1999, p. 82). Thus, it is only necessary to solve for the last one.
Then, the relevant constitutive relations are
r31 ¼ 2C313131 r32 ¼ 2C323232; ð1Þ
where r31 and r32 are stress components; 31 and 32 those of strain
which are related to displacement vector by means of the relation
ij ¼ 12
@Ui
@xj
þ @Uj
@xi
 
ð2Þ
and the equilibrium equation is
@r31
@x1
þ @r32
@x2
¼ 0: ð3Þ
Equilibrium condition should be complemented with interface
conditions and some suitable boundary conditions. Within this pa-
per it is assumed that constituents are in perfect contact, then con-
tinuity of displacement and traction are required on the interface,
which is denoted by C,
kUðcÞ3 k ¼ 0 on C; ð4Þ
krðcÞ31n1 þ rðcÞ32n2k ¼ 0 on C; ð5Þ
where n ¼ ðn1;n2Þ is the unit normal vector to C and the double bar
notation is used to denote the jump of the relevant function across
C taken from the matrix to the ﬁber
kf ðcÞ yð Þk ¼ f ð1Þ yð Þ  f ð2Þ yð Þ for y 2 C: ð6Þ
In boundary value problem (1)–(5) it is possible to distinguish
two spatial scales, the slow variable x and the fast variable y, re-
lated by means of the parameter . The problem is solved asymp-
totically posing the ansatz
U3 xð Þ ¼ w0 xð Þ þ w1 xð Þ þ O 2
 
: ð7Þ
The functions w0 and w1, are found to satisfy certain differential
equations related to the original system in a unit cell (see Fig. 2)
with periodic conditions. As a result from using the AHM, after
applying Green’s theorem, two analytical formulas for the longitu-
dinal shear elastic effective coefﬁcients of the composite are found:
C3232 ¼ C3232h i  kC3232k
Z
C
Mð1Þ32 dy2; ð8aÞ
C3131 ¼ C3131h i þ kC3131k
Z
C
Mð1Þ31 dy2; ð8bÞ
the angular brackets deﬁne the volume average per unit length over
the unit cell
hFi ¼
Z
S
F yð Þdy:
Details and relevant calculations, relative to the AHM, can be
found in Manevitch et al. (2002) or in Jikov et al. (1994), for
instance.
Formula (8), for the effective coefﬁcients, depend on the mate-
rial properties and on two unknown displacement functions, M32
and M31, which are deﬁned over the unit cell. Those functions are
found by solving the local problems 32L and 31L, respectively, given
by
CðcÞ3131M
ðcÞ
rs;11 þ CðcÞ3232MðcÞrs;22 ¼ 0 in Sc; ð9aÞ
kMðcÞrs k ¼ 0 in C; ð9bÞkCðcÞ3131MðcÞrs;1n1 þ CðcÞ3232MðcÞrs;2n2k ¼
kCðcÞ3131kn1 31L
kCðcÞ3232kn2 32L
(
in C; ð9cÞ
Mpq
  ¼ 0; ð9dÞ
the comma notation used above denotes a partial derivative, rela-
tive to the local variable yd, i.e. f;d ¼ @f=@yd. The outward unit nor-
mal vector to the interface C is n. Interface continuity is
requested in (9b); also, due to the effects of microstructure, a
non-homogeneous term arises from continuity of traction as condi-
tion (9c). Condition (9d) is required to achieve existence and
uniqueness of the solution to local problem (9) (Bensoussan et al.,
1978). When CðcÞ3131 ¼ CðcÞ3232, (9a) become Laplace’s equation and
solution to problems 31L and 32L is given in Rodríguez-Ramos
et al. (2001), for example. The new problems that arise here are
solved below.
2.1. Local problems, formulation
In what follows, when there is no place for a confusion, Hill’s
notation (Hill, 1964) is used, for the elastic properties of each
phase, to avoid a cumbersome notation. That is, the shear modulus
CðcÞ3131 ¼ CðcÞ3232 is represented by pc and CðcÞ1212 with mc, for c ¼ 1;2.
Then, the relevant components of the stiffness tensor are repre-
sented by a diagonal matrix as follows
BðcÞ ¼ diag pc; pc; mc
h i
; ð10aÞ
BðcÞ ¼ diag pc; mc; pc
h i
; ð10bÞ
BðcÞ ¼ diag mc; pc; pc
h i
ð10cÞ
for a stiffness tensor, whose ATI coincides with the Ox3; Ox2 and
Ox1-direction, respectively. It is assumed thatmc is slightly different
from pc, in every analyzed case, and that it can be written as
mc ¼ pc 1 ac
 
; ð11Þ
where ac is a material parameter that may be taken as a perturba-
tion in the governing equations.
Using (10) and (11), the local problems (9), for each considered
case of ATI orientation (P3, O2, P1 and O3), can be written as
DMðcÞrs ¼ acMðcÞrs;11 in Sc; ð12aÞ
MðcÞrs
  ¼ 0 on C; ð12bÞ
pcM
ðcÞ
rs;dnd
  ¼ E on C; ð12cÞ
Mrsh i ¼ 0; ð12dÞ
with
E ¼
jjpcjjn1  jjpcacMðcÞrs;1jj  jjac pcjj
	 

n1 31L
jjpcjjn2  jjpc ac MðcÞrs;1jjn1 32L
8<
: ; ð13Þ
where the symbol M is the Laplacian operator, the shear anisotropic
parameters ac are implicitly deﬁned in (11). When
a1 ¼ a2 ¼ 0; a1 – 0 and a2 ¼ 0 and, ﬁnally, a1 – 0; a2 – 0, the local
problem (10) corresponds to the P3, O2 and P1 cases, respectively.
Redeﬁning the a2 parameter as: a2 ¼ 1 p2=m2, the O3 case can
be analyzed exactly in the same way as P1. Then, only three cases
should be studied. Special attention should be paid when the mate-
rial parameters ac are zero: as mentioned above, the proposed
cases, O2 and P1, are reduced to P3. Indeed, problem (9) can be
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hand-side of each local problem, like in (10), so when the parame-
ters are zero the corresponding right-hand-sides is the same as in
P3 case. This peculiarity suggests that cases O2 and P1 can be ana-
lyzed as a perturbation of the P3 case if the corresponding material
parameter ac is small enough.3. Analytical solution
The functions MðcÞrs , in (10) when ac ¼ 0, are unknown, doubly-
periodic and harmonic functions deﬁned in S, subjected to the gi-
ven jump conditions (12b) and (12c) and the null average condi-
tion over the unit cell (12d), to achieve uniqueness. Many other
papers deal with this problem using the multipole expansion
method like, for instance, Rayleigh (1892), Perrins et al. (1979)
and Giordano (2005). By means of AHM, formulas and derivations
can be found in Rodríguez-Ramos et al. (2001) and López-López
et al. (2005), among others. The solution for a1 ¼ a2 ¼ 0 and expli-
cit formulas for effective coefﬁcients can be found, for example, as
a particular case in López-López et al. (2008). It is described here in
a very short manner.
3.1. P3
Let us consider the local problem 31L (local problem 32L can be
solved analogously), subscript ‘‘31’’ is dropped. The sought dis-
placement M cð Þ is proposed to have the form
Mð1Þ ¼ Re pa1zþ
Xo1
k¼1
ak
f k1ð Þ zð Þ
k 1ð Þ!
( )
; Mð2Þ ¼ Re
Xo1
k¼1
ckzk
( )
;
ð14Þ
here, the function f is the Weierstrass Zeta function, which is a qua-
si-periodic complex-valued function of the variable z ¼ y1 þ iy2,
with periods x1 ¼ 1 and x2 ¼ i, its k-th derivative fðkÞ is, however,
a double periodic function with the same periods. The ‘‘o’’, next to
the sigma symbol, means that summation should only be taken
over odd indices. Coefﬁcients ak and ck are unknown and real. It
can be proved that coefﬁcients ck depend on coefﬁcients ak. This
can be done by substituting (14) in the interface conditions (12b)
and (12c). Elimination of ck yields the inﬁnite systems
v1p IþW
	 

a ¼ V0; v1p I 32W
	 

32a ¼ V0 ð15Þ
for local problems 31L and similarly 32L, respectively. The preindex
notation distinguishes analogous quantities for the latter problem.
The contrast between constituents vp, which will be called material
parameter, is deﬁned as
vp ¼
p1  p2
p1 þ p2
; ð16Þ
the inﬁnite-order symmetric matrices I;W ¼ wkl½  and 32W ¼ 32wkl½ 
are deﬁned as
I ¼ diag 1; 1; 1; . . .ð Þ; ð17aÞ
w11 ¼ 32w11 ¼ pR2; ð17bÞ
wkl ¼ 32wkl ¼
ﬃﬃﬃ
k
p ﬃ
l
p
gklR
kþl; kþ lP 3; ð17cÞ
the column vector V0 ¼ R; 0; 0; . . .ð ÞT has a unique non-zero
component, that contains the effect of microstructure on the
overall behavior of the composite; the column vectors
a ¼
ﬃﬃﬃ
1
p
R1a1;
ﬃﬃﬃ
3
p
R3a3;
ﬃﬃﬃ
5
p
R5a5; . . .
	 
T
; ð18Þ32a ¼
ﬃﬃﬃ
1
p
R132a1;
ﬃﬃﬃ
3
p
R332a3;
ﬃﬃﬃ
5
p
R532a5; . . .
	 
T
; ð19Þ
consists of the unknown coefﬁcients of the Laurent’s expansion of
the ansatz for the unknown displacementMð1Þ. Matrix gkl is given by
g11 ¼
p 31L
p 32L

; ð20Þ
gkl ¼
kþ l 1ð Þ!
k!l!
Skl; ð21Þ
the lattice sums associated with Weierstrass’ functions are
Sk ¼
X0
m;n
1
bmnð Þk
; ð22Þ
the complex numbers bmn are deﬁned as bmn ¼ mx1 þ nx2, with
m; n 2 Z. The symbol ‘‘0’’, next to the summation symbol, indicates
that the sum should not consider the term m ¼ n ¼ 0.
Using the inﬁnite order algebraic system (15), after application
of Green’s Theorem, very simple and mnemonic closed-form
expression are achieved for the effective coefﬁcients (8).
C44 ¼ p1 1 2pa1ð Þ; ð23aÞ
C55 ¼ p1 1þ 2p32a1ð Þ; ð23bÞ
effective coefﬁcients are expressed in a two-index contracted nota-
tion while constituents properties are denoted using Hill’s notation.
The solution to the inﬁnite order algebraic systems (15) is
achieved by means of truncation to a ﬁnite order and the Cramer’s
rule. A fast convergence of successive truncations is ensured be-
cause the system is regular (see references in Sabina et al., 2001;
Bravo-Castillero et al., 2001) so that successive approximations
can be applied. The truncation order depends on volume fraction
V2 and the material properties vp. Our numerical calculations show
that this number can be ﬁxed to be seven, a very small order which
provides a fast solution, to get a good accuracy in all the computa-
tions (see Section 4 for details).
3.2. Case O2
Local problems (10), for a1 – 0 and a2 ¼ 0, is a two-dimensional
elliptic equation with an anisotropic parameter a1. A doubly peri-
odic functionMðcÞrs is sought. As mentioned before, when a1 ¼ 0, i.e.,
both materials are isotropic, the equation becomes the bidimen-
sional Laplace’s equation and falls back into the case studied above.
The potential theory, in terms of Weierstrassian functions, can be
employed in a similar fashion as, for example, in López-López
et al. (2005). Again, for the sake of brevity, only the method of solu-
tion to local problem 31L is considered here, however, local prob-
lem 32L can be solved in a similar manner. The subscripts
identifying the displacement Mrs with the local problem rsL is
dropped. Assuming that a1 is a small parameter, the following an-
satz for displacement function is considered
MðcÞ ¼ MðcÞ0 þ a1MðcÞ1 þ O a21
 
; c ¼ 1;2; ja1j  1: ð24Þ
Upon substitution of (24) into (10), for a1 – 0 and a2 ¼ 0; once
similar terms in powers of a1 are collected, a recurrent sequence of
local problems is obtained for MðcÞ0 and M
ðcÞ
1 :
To O a01
 
:
DM cð Þ0 ¼ 0 in Sc; ð25aÞ
M0k k ¼ 0 on C; ð25bÞ
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ðcÞ
0;dnd
  ¼  pc
 n1 31L
 pc
 n2 32L
8><
>: on C; ð25cÞ
hM0i ¼ 0; ð25dÞ
where Einstein’s notation on subscript d is assumed.
To O a11
 
:
DMð1Þ1 ¼ M0;11 in S1; ð26aÞ
DMð2Þ1 ¼ 0 in S2; ð26bÞ
MðcÞ1
  ¼ 0 on C; ð26cÞ
pcM
ðcÞ
1;dnd
  ¼ p1 MðcÞ0;1  1
	 

n1 31L
p1MðcÞ0;1n1 32L
8<
: on C; ð26dÞ
hM1i ¼ 0: ð26eÞ
Problem (25) has been studied in the previous subsection. Once
the harmonic function MðcÞ0 is known, the sought solution to prob-
lem (26), it is easy to prove that Mð1Þ1 satisﬁes a biharmonic equa-
tion with the same double periodicity, since the right-hand-side
of (26a) is harmonic. Again jump conditions (26c), (26d) and null
average condition (26e) have to be satisﬁed.
3.2.1. Solution to MðcÞ1
The function Mð1Þ1 can be found by adapting Goursat’s method,
used in the context of in-plane elastic problems to solve the bihar-
monic equation in terms of two harmonic function u zð Þand w zð Þ in
the form Mð1Þ1 ¼ zu zð Þ þ w zð Þ, where z is the complex conjugate of
z ¼ y1 þ iy2. To ﬁnd a doubly periodic biharmonic function Mð1Þ1
and a harmonic function Mð2Þ1 in the form of a series (see Rodrí-
guez-Ramos et al., 2001 or Guinovart-Díaz et al., 2001 for another
periodic distribution of the ﬁbers, for instance).
Mð1Þ1 ¼Re
1
4
a0zþb0zþ
Xo1
k¼1
ak
4
zf kð Þ zð Þ
k1ð Þ!þ
Q k1ð Þ zð Þ
k1ð Þ!
 !
þbk f
k1ð Þ zð Þ
k1ð Þ!
" #( )
;
ð27aÞ
Mð2Þ1 ¼ Re
Xo1
l¼1
dlzl
( )
; ð27bÞ
the real coefﬁcients ak are those of Laurent’s expansion of the solu-
tion to the local problem (25). The undetermined real coefﬁcients
bk;dk are real. As before, the functions of complex variable f zð Þ
and f kð Þ zð Þ are the quasi-periodic Weierstrass Zeta function and its
doubly periodic kth derivatives of periods x1 and x2; Q zð Þ is Nat-
anzon’s function (Wi Natanzon, 1935).
Laurent’s expansion of the complex potential that generates
Mð1Þ1 , about the origin, is written as:
Mð1Þ1 zð Þ ¼ Re
Xo1
l¼1
1
4
lalzl þ lAlzl þ A0lzl
 þ blzl  Blzl
 ( )
ð28Þ
where
Al ¼
Xo1
k¼1
kakgkl; A
0
l ¼
Xo1
k¼1
kakg0kl; Bl ¼
Xo1
k¼1
kbkgkl;
gkl ¼
kþ l 1ð Þ!
k!l!
Skl; g0kl ¼
kþ lð Þ!
k!l!
Tkþl for kþ lP 3g11 ¼
p 31L
p 32L

g011 ¼
pþ 5S4=p 31L
p 5S4=p 32L

the lattice sums associated with the Zeta function are deﬁned in
(22), the lattice sums associated with Natanzon’s function, are as
follows
Tk ¼
X
m;n
0 bmn
blþ1mn
: ð29Þ
Following a similar procedure to the one used in Sabina et al. (2001)
or in Bravo-Castillero et al. (2001) an inﬁnite system of algebraic
equations is reached, in order to determine the coefﬁcients of Lau-
rent’s expansion in (28):
v1p IþW
	 

a ¼ V0; ð30aÞ
v1p IW
	 

b ¼ V1 þ Uþ 14W
0
 
a: ð30bÞ
The material parameter vp and the symmetric inﬁnite-order
matrices I;W, deﬁned in (17), respectively, are needed to deter-
mine the ﬁrst approximation to the problem. The symmetric inﬁ-
nite-order matrix W0 is deﬁned as
W0 ¼ w0kl
  ¼ pþ 5S4p
 
R2 k ¼ l ¼ 1ﬃﬃﬃ
k
p ﬃ
l
p
g0klR
kþl kþ lP 3
(
; ð31Þ
the column vectors of inﬁnite order V1 and b, as
V1 ¼ 14v
1
p R
ld1l; 0; 0; . . .
 T
; ð32Þ
b ¼
ﬃﬃﬃ
1
p
R1b1
ﬃﬃﬃ
3
p
R3b3
ﬃﬃﬃ
5
p
R5b5 . . .
	 
T
ð33Þ
and the components of the tridiagonal matrix of inﬁnite order
U ¼ uk‘½ , for ‘ ¼ 1, as
u11 ¼ 12
p1
kpck
vp  2
	 

 1
2
v1p
" #
v1p ; ð34aÞ
u13 ¼
ﬃﬃﬃ
3
p
2
1
2
 p1kpck
" #
v1p ; ð34bÞ
u1k ¼ 0 8k 2 5; 7; 9; . . .f g; ð34cÞ
while for ‘P 3, as:
u‘k ¼ 12
1
2
v1p þ
1
l
p1
pc
 
2
64
3
75 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk kþ 2ð Þq d l2ð Þk
þ 1
2
1
k
p1
pc
  1 v1p
	 
264
3
75kdlk þ 12 12 1k 2 p1pc 
2
64
3
75v1p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k 2ð Þk
q
d lþ2ð Þk: ð34dÞ
Eq. (30a) has the same structure than inﬁnite algebraic system
(15), then, the same procedure used for calculating the coefﬁcients
of the Laurent’s expansion of the solution, at a lower order in a1,
problem (25), can be used. Thus, an analytic expression for MðcÞ1
is easily obtained, enabling us to calculate the effective coefﬁcients
(8), to the corresponding order in a1 as:
C44 ¼ p1 1 2pa1ð Þ
þ a1 p1 p 1þ v1p
	 

a1  1
	 

 pc
 A1h i; ð35aÞ
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where
A1 ¼ 14 1þv
1
p
	 

Rþ 1
4
v1p N1
 
a1R
13 1
4
v1p þN3
 
a3R
3þ 1þv1p
	 

b1R
1
 
Rp;
ð36aÞ
B ¼ 1
2
p1Rþ 32N132a1R1 þ 32N3 32a3R3 þ 2p1p 32b1R1; ð36bÞ
N1 ¼ 12
p1
pc
  1 2v1p
	 

 1
2
v2p
2
64
3
75; ð36cÞ
N3 ¼ 12
1
2
 p1
pc
 
0
B@
1
CAv1p ; ð36dÞ
32N1 ¼ 12 p1 þ p2ð Þ
1
2
v1p þ
p1
pc
 vp 
1
2
0
B@
1
CA; ð36eÞ
32N3 ¼ 32v
1
p p1: ð36fÞ
The pre-subscript ‘‘32’’ is used to denote quantities that are ob-
tained after solving the local problem 32L, for the effective coefﬁ-
cient C55, in a similar manner.
3.3. Case P1
In the local problem pqL, formulated in (10), two anisotropy
parameters appear, a1 and a2, deﬁned implicitly in (11). We as-
sume that each ac has the form
ac ¼ Lc1bþ Lc2b2 þ Lc3b3; c ¼ 1;2: ð37Þ
in terms of one small parameter b and known integers
Lck; c ¼ 1;2; k ¼ 1; 2; 3.
To solve local problem (10) a new ansatz is proposed:
M cð Þ ¼ MðcÞ0 þM cð Þ1 bþM cð Þ2 b2 þ    ; c ¼ 1;2; ð38Þ
this assumption leads to, again, a succession of recursive local
problems:
To O b0
 
:
DM cð Þ0 ¼ 0 in Sc; ð39aÞ
M0k k ¼ 0 on C; ð39bÞ
pcM
ðcÞ
0;dnd
  ¼  pc
 n1 31L
 pc
 n2 32L
8><
>: onC; ð39cÞ
hM0i ¼ 0; ð39dÞ
where Einstein’s notation on subscript d is assumed.
To O b1
 
:
DMðcÞ1 ¼ Lc1MðcÞ0;11 in Sc; ð40aÞ
MðcÞ1
  ¼ 0 on C; ð40bÞpcM
ðcÞ
1;dnd
  ¼  Lc1 pc M
ðcÞ
0;1  1
	 
 n1 31L
 Lc1 pcMðcÞ0;1
 n1 32L
8><
>: on C; ð40cÞ
hM1i ¼ 0; ð40dÞ
which is immediately solved as before. First note that Eq. (39) is like
(25) while (40) is similar to (26). The inhomogeneous terms in (40c)
are slightly different from those in (26d). Taken this into account,
the effective coefﬁcient formulas become
C44 ¼ p1 1 2pa1ð Þ  pcLc1
D E
 pc Lc1
 1C02 þ pc 1C12Rp	 
b;
ð41aÞ
C55 ¼ p1 1þ 2p 32a1ð Þ þ pc
 B11Rpb; ð41bÞ
no summation over repeated c is carried out and
1C02 ¼ V2 þ 1þ v1p
	 

a1p;
1C12 ¼ 14 L11 1þ v
1
p
	 

Rþ 1
2
p2
pc
  L21Rþ 1þ v1p
	 

b1R
1
1
2
p1
pc
 L11 12v1p
	 

1
2
v1p 1þv1p
	 

L11þ3 p2
pc
 L21 1þv1p
	 
264
3
75a1R1
1
2
1
2
 p1
pc
 
0
B@
1
CAL11v1p  12 L11v1p þ p2pc  L21 1þ v
1
p
	 
264
3
753a3R3
and
B11¼12
1
2
þ1
2
L11v1p 
p2
pc
 
0
B@
1
CAR 1þv1p	 
 32b1R1
þ1
2
p1
pc
 þ
1
2
1þL11v1p
	 

v1p 
p2
pc
  1þv1p
	 
264
3
7532a1R1
þ1
2
1
2
L11 p1
pc
 
0
B@
1
CAv1p 12L11v1p þ p2pc  1þv
1
p
	 
264
3
75332a3R3:
Besides, the coefﬁcient 32a1 in (41b) and coefﬁcients 32a3 and
32b1 in previous equations, correspond to the ﬁrst and third coefﬁ-
cients to O b0
 
and to the ﬁrst coefﬁcient to O b1
 
, of Laurent’s
expansion of the solution to problem 32L, respectively.
Eqs. (35) and (41) clearly exhibit the dependence of the effec-
tive coefﬁcients of: (i) the size of the inclusion (ﬁber radius R),
(ii) physical properties of materials and contrast between them
by means of vp, (iii) geometry of the arrangement (harmonic and
biharmonic lattice sums) and (iv) size of material perturbation
(parameters ac). It should be noted that when the perturbation
parameter tends to zero, formulas in López-López et al. (2005)
are recovered.
4. Numerical results and discussion
In order to assess the goodness of the derived formulas for
effective coefﬁcients, (23), (35) and (41), comparison with other
well-known analytical methods, in the isotropic limit case, and ﬁ-
nite element (FE) calculations, in anisotropic cases, are carried out
within this section.
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Fig. 3. Comparison, in the isotropic limit, between predictions of AHM and traditional mixing rules. For smaller absolute values of vp , G separates from AHM at high V2 less
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vp. According to Choy et al. (1979), there are 1160 materials with
physical properties corresponding to those raised in this analysis,
that is, those belonging to tetragonal, cubic, and hexagonal crystal
symmetry. The isotropic materials can also be analyzed with the
theory developed here, however, due to the large amount of theory
developed in the subject, they are only taken as a limit case. For
every possible ﬁber-matrix combination of those materials, it has
been calculated the corresponding vp parameter of the composite.
Besides, for every reported material, it has been derived the corre-sponding a parameter. Obviously, the vp parameter takes its values
in the interval 1;1½ . Most of the reported materials (more than
98%) have the a parameter in the interval 1;1ð Þ. In addition,
about 80% of them have the a parameter in the interval
0:5;0:5ð Þ. Fiber volume fraction is determined by the radius of
the ﬁbers R. So we can take those parameters deﬁned in:
vj 2 1;1½ ; ac 2 0:5;0:5ð Þ; c ¼ 1;2; R 2 0;p=4½ : ð42Þ
As ac tends to zero, the anisotropic cases O2 and P1 turn into an iso-
tropic problem. It should be noticed, also, that due to geometry of
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Fig. 5. Comparison, for P3 case, of results obtained by calculating effective
coefﬁcients using AHM and FE of effective normalized coefﬁcient C44=C
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be noticed that the percentage difference between the two methods is smaller than
3%. Representative values of vp are shown.
2580 E. López-López et al. / International Journal of Solids and Structures 50 (2013) 2573–2583the problem, we are dealing with a two dimensional situation.
Therefore the inclusions can be considered as a circular inclusion
of radius R and predictions in the isotropic limit can be compared
with standard mixture equations, such as the Garnett equation
(G) (Garnett, 1904), Bruggeman equation (B) (Bruggeman, 1935)
and Looyenga approximation (L) (Looyenga, 1965). Those are valid
within the context of isotropic permittivity, however, due to the
mathematical similarity of the governing equations, they can be ap-
plied to the problem at hand.
Series
Po1
‘¼1
wk‘ and
Po1
‘¼1
w0k‘ can be easily proved to be convergent
using that lattice sums Sk‘ are convergent, so there exist a positive
number M such that Sk‘ < M for all k; ‘ ¼ 1;3;5; . . ., and the quo-
tient rule. Then, inﬁnite order algebraic system (30a) is regular
(Kantorovich and Krylov, 1964, p. 26). Therefore there exist a0 0.2 0.4 0.6 0.8
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44 in O2 case, for two different v
AHM and FE is less than 5%.unique solution which can be found by means of truncation to a ﬁ-
nite order and the Cramer’s rule.
Relative error between each successive approximation is calcu-
lated, stopping computations when this value is less than 1012. A
different order of truncation was needed for different values of
parameters, showing that truncation order depends directly on
the ﬁbers shape, properties of constituents and contrast between
materials. This is, truncation order is a function of V2; vj and ac.
Being a function of V2 implies an indirect dependency on micro-
structure of composite. In order to have a relative error less than
1012, in all posible combinations of parameters, our numerical cal-
culations show that truncation order can be ﬁxed to be seven, a
very small order for fast solution, to get a good accuracy in all
the computations.
Notwithstanding, formulas (35) and (41) are valid for a small
anisotropic contrast a1 and a2, respectively; for a given volume
fraction V2 and a material contrast vj, their validity on a certain
interval can be tested after comparing results obtained with a more
time-consuming method like FE.
Systems (9) are solved using the commercial PDE solver, FEM-
LAB ver. 3.2. Lagrange-quadratic elements of second order are cho-
sen as the basis functions with triangular-shaped elements. In this
study, non-uniform meshes are employed. About 900 to 1400 ele-
ments are used on each calculation, depending on the size of inclu-
sion. Total number of degrees of freedom ranging from 1900 to
7600, depending V2 too.
In Fig. 3, a plot of the effective normalized shear modulus
C44=C
ð1Þ
44 against volume fraction is displayed for two large material
contrast vp ¼ 0:95. A comparison between the predictions of
standard mixing rules and the derived formulas in the isotropic
limit (that is Eq. (23)) is shown. It should be noticed that
C44=C
ð1Þ
44 , for small volume fractions, agrees with the G prediction,
as it would be expected from this approximation. Also, for positive
values of vp, the AHM prediction is closer to L approximation than
to B approximation and viceversa for negative values of vp.
Our prediction can also be compared with classical bounds such
as the well-known Hashin–Strikman (HS) bounds (Hashin ande fraction V2
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0:5; 0:3; 0; 0:3 and 0:5.
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tighter than HS. Fig. 4 shows the plot of normalized shear modulus
C44=C
ð1Þ
44 , versus volume fraction V2 for vp ¼ 0:95, for P3 case, that
is Eq.(23a). For positive values of vp upper BB and HS bound coin-
cide and the AHM values are close to them, lower HS bound is too
loose to be shown. Negative values of vp exhibit an inverse behav-
ior, i.e. the AHM formula is closer to the lower BB and HS bound,
upper HS bound is also too loose to be shown.
Another measure of the accuracy of our formulas in the aniso-
tropic cases is obtained by comparing them against FE calculations0 0.2 0.4 0.6 0.8
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which the percentage difference between AHM and FE, for relative effective coefﬁcientof (23), (35) and (41). Fig. 5 shows this comparison for the P3 case.
It displays the plot of dimensionless effective shear modulus
C44=C
ð1Þ
44 against volume fraction V2 for vp ¼ 0:85; 0:55; 0; 0:85,
obtained using AHM and FE. It is remarkable than in general the
percentage difference between both methods is less than 3%. How-
ever near percolation value, i.e. when ﬁbers get in contact, the dif-
ference is bigger. In general, within this article, this difference can
be reduced by increasing the truncation order of the corresponding
inﬁnite system (not shown), in this case the system (30a). Having0 0.2 0.4 0.6 0.8
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4 computed using AHM and FE in P1 case. The shown parameters are the largest for
C11=C
ð1Þ
11 , is less than 10%.
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(vp ¼ 0:85), indicates that the proposed formulas provide similar
results to those obtained via FE; however, signiﬁcantly faster and
easier to program. Calculations using FE were carried out in about
two hours, meanwhile those made using AHM, takes only a few
seconds on a standard PC.
Hence, in terms of material properties, the interval where our
formulas (23) provide a value of the effective permittivity with a
relative error less than 3% is
3
37
p1 6 p2 6
37
3
p1 ð43Þ
provided that the radius of the ﬁbers is not very close to the perco-
lation value. In such a case, it is only necessary to increase the size
of the truncated system (15). Then our model is valid for a wide
range of materials
A similar analysis about the O2 case reveals that the AHM pre-
dictions differs from FE by less than 5% when the parameters are
taken as follows
0 6 R 6 p
4
; 2
5
6 a1 6
1
2
; 1
5
6 vp 6
1
4
: ð44Þ
Fig. 6 shows the behavior of the relative effective coefﬁcient
C44=C
ð1Þ
44 , as a function of V2, for two different values of the material
contrast vp. It is shown the maximum and minimum values for
which the percentage error difference is less than 5%, according
to (44). Again, the relative error difference near the critical value
R ¼ p=4 can be reduced by increasing the truncation order in sys-
tem (30) if desired.
Fig. 7 shows normalized effective coefﬁcient C55=C
ð1Þ
55 in O2 case,
for ﬁve representative values of parameter a1 ¼ 0:5; 0:3; 0, with
vj ¼ 0:55. As in previous cases, it should be noted that the great-
er the volume fraction the higher the percentage error difference,
which could be decreased by increasing the truncation order on
the corresponding inﬁnite system. The calculations in AHM using
a ¼ 0 shows better results to calculate the effective coefﬁcient
C55 because the perturbation is being considered only in the y1-
direction. This is consistent with the fact that for FE calculations,
for every value of a1, match the a ¼ 0 case of the derived formula
(35b).
The same analysis was carried out on P1 case. It was found that
taking parameter such that
vp 2 0:2; 0:2½ ; a1; a2 2 0:5; 0:5½ ;
the percentage difference between two methods is less than 10%.
This difference decreases to 5% restricting the anisotropy of each
constituent to a1; a2 2 0:3; 0:3½ . Fig. 8 shows a calculation of rel-
ative effective coefﬁcients C44=C
ð1Þ
44 and C55=C
ð1Þ
55 on P1 case. In this
ﬁgure, the anisotropy parameters take values a1 ¼ a2 ¼ 0:5 and
contrast between material parameter has the value vj ¼ 0:2,
which, in absolute value, are the largest possible in order to per-
centage error difference is less than 10%.
5. Conclusions
The quality and quantity of new applications of composite
materials depends largely on the ability to predict the effective
properties of the composite. This is not an easy work because effec-
tive properties depend on the size, organization, orientation, etc. of
the inclusions. In this paper, using the AHM, explicit formulae has
been found for effective shear modulus of a periodically distributed
ﬁber-reinforced composite with anisotropic constituents and four
different orientations of the ATI. Effective properties show explicit
dependence on ﬁber volume fraction ðV2Þ, contrast between mate-
rial properties ðvpÞ, anisotropy of constituents ac and the geometryof the problem ðS4Þ. Nearly 80% of reported materials in Choy et al.
(1979) fall within the ranges of reliability determined by the heu-
ristic analysis of previous section.
In the isotropic limit, the predictions with AHM, which are ex-
act, show that well-know classical mixtures rules are approxi-
mately correct and the departure from exact values is given also,
they lie within the Hashin–Strikman bounds and within the tighter
Bruno bounds. For anisotropic materials, no exact formulae or esti-
mation is available so that a comparison of calculations obtained
by means of the proposed method and calculations made by the ﬁ-
nite element method was carried out. This comparison helped to
determine heuristically a threshold of validity for the involved
parameters. Numerical experiments suggest that the analytical for-
mulas, which were obtained under a small perturbation assump-
tion, can be used for values of a as large as 0:5 6 a 6 0:5
having an accuracy of at most 10% or even. In addition, this formu-
las are simple, mnemonic and much easier and faster to program
than those of FE.
Other periodic arrangements, like hexagonal and parallelogram,
can be handled by the method introduced in this paper. It is worth
noting that because of the mathematical similarity, results ob-
tained in this paper can be easily applicable to the effective ther-
mal conductivities, magnetic permeability, electric permittivity
and mass diffusivity.Acknowledgments
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